We study 2-to-3 meson-meson scattering based on the process that a gluon is created from a constituent quark or antiquark and subsequently the gluon creates a quark-antiquark pair. The transition potential for the process is derived in QCD. Eight Feynman diagrams at tree level are involved in the 2-to-3 meson-meson scattering. Starting from the S-matrix element, we derive the unpolarized cross section from the eight transition amplitudes corresponding to the eight Feynman diagrams.
ππ scattering have been measured via π − p → π − π − ∆ ++ [1] [2] [3] , π + p → π 0 π 0 ∆ ++ [4] , [9, 10] , π + p → π + π − ∆ ++ [11] , [7, 12, 13] , π − p → π − π + n [7, [14] [15] [16] [17] [18] [19] [20] [21] , and K ± → π + π − e ± ν [22] [23] [24] [25] . When the total isospin of the two pions is 0 or 1, from phase shifts and cross sections one can identify resonances such as f 0 (980), f 2 (1270), f 0 (1370), a 0 (980), and ρ(1450). When the total isospin equals 2, the cross section for elastic ππ scattering can go up to 12 mb. Elastic phase shifts and elastic cross sections for πK scattering have been measured [26] [27] [28] [29] , K + p → K 0 π 0 ∆ ++ [26] , K ± p → K ± π + n [29, 30] , and [31] . From elastic πK scattering with a total isospin of 1/2, one can find resonances such as K * 0 (1430). The cross section for elastic πK scattering with the other total isospin 3/2 may become as large as 4.6 mb. The elastic cross section for K + K − scattering obtained from π + p → K + K − ∆ ++ in Ref. [11] decreases from 3.8 mb at 1 GeV to 2.9 mb at 1.38 GeV. Elastic phase shifts for K + K − scattering were extracted from π − p → K + K − n and π + n → K + K − p in Ref. [32] . A variety of theoretical approaches [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] apply to elastic meson-meson scattering.
Experimental data on ππ → ρ are given in Ref. [47] and the cross section for πK → K * in vacuum was estimated in Ref. [48] . On the basis of the process that a quark in one initial meson and an antiquark in the other initial meson annihilate into a gluon and subsequently the gluon is absorbed by the other antiquark or quark, 2-to-1 meson-meson scattering has been studied in Ref. [49] , and the resulting cross sections for ππ → ρ and πK → K * agree with the empirical data given in Refs. [47, 48] . Cross sections for the
were measured in Refs. [3, 9] , and the cross section goes up when the dipion mass increases from 0.8 GeV. The cross section for π − K − → π − π − K 0 + π 0 π − K − was investigated in Ref. [27] . In the present work we study 2-to-3 meson-meson scattering based on the process that a gluon is created from a quark or an antiquark in the two initial mesons, and the gluon then creates a quark and an antiquark. We note that 2-to-3 meson-meson scattering has not yet been studied in theory.
Inelastic 2-to-2 meson-meson scattering has been studied in Refs. [50] [51] [52] [53] [54] . The reac-tions ππ → KK, ρρ → KK, πρ → KK * , and πρ → K * K can be described by effective meson Lagrangians. The cross sections for the four reactions have been obtained from the exchange of either a kaon or a vector kaon between the two colliding mesons [50, 51] .
A study of ππ → KK scattering by means of partial-wave dispersion relations of the Roy-Steiner type is performed in Ref. [54] , and precise parametrizations of the S, P , and D partial waves in the ππ → KK scattering amplitude are obtained from the data. In terms of quark degrees of freedom some reactions are mainly governed by quark interchange, quark-antiquark annihilation and creation, or both. For example, ππ → ρρ for total isospin I = 2 and πK → ρK * for I = 3/2 involve quark interchange [52] ; ππ → ρρ for I = 1 and πρ → KK * involve quark-antiquark annihilation and creation [53] ; ππ → ρρ for I = 0 and πK → ρK * for I = 1/2 involve quark interchange as well as quark-antiquark annihilation and creation [49, 53] Therefore, we need to study the 2-to-3 meson-meson scattering in hadronic matter.
This paper is organized as follows. In Sect. II we present eight Feynman diagrams for 2-to-3 meson-meson scattering, the transition amplitudes corresponding to the eight diagrams, and cross sections related to the transition amplitudes. In Sect. III we derive a transition potential for the process that a gluon is created from a quark or an antiquark and the gluon creates a quark and an antiquark. In Sect. IV we calculate color, spin, and flavor matrix elements in the transition amplitudes. In Sect. V numerical cross sections are presented and relevant discussions are given. In Sect. VI we summarize the present work.
II. CROSS-SECTION FORMULAS
Meson A contains quark q 1 and antiquarkq 1 , and meson B has quark q 2 and antiquark q 2 . In the collision of mesons A and B a constituent quark or antiquark may emit a virtual gluon which subsequently splits into quark q 3 and antiquarkq 4 . The three quarks and antiquarks then combine into mesons C 1 , C 2 , and C 3 . Four Feynman diagrams are shown in Fig. 1 for
, and four other diagrams in Fig. 2 for
in Fig. 1 involves the emission of a gluon from q 1 (q 1 , q 2 ,q 2 ) and the subsequent splitting 
total energy of the two initial mesons is E i = E A + E B , and the total energy of the three
where
Let P ab , R ab , and r ab be the total momentum, the center-of-mass coordinate, and the relative coordinate of constituents a and b, respectively. The wave function | A, B > of mesons A and B is
The wave function | C 1 , C 2 , C 3 > of mesons C 1 , C 2 , and C 3 is
corresponding to the four diagrams in Fig. 1 or
corresponding to the four diagrams in Fig. 2 . The mesonic quark-antiquark wave function We first consider the four diagrams in Fig. 1 . The five independent constituent position-vectors are r q 1 , rq 1 , r q 2 , rq 2 , and r q 3 . They are related to the relative coordinates ( r q 1q1 , r q 2q2 ) and the center-of-mass coordinates ( R q 1q4 , R q 2q1 , R q 3q2 ) by 
which lead to
Let R total be the center-of-mass coordinate of the initial or final mesons. Denote the
The total momentum of the two initial mesons is P i = P A + P B , and the total momentum of the three final mesons is P f = P C 1 + P C 2 + P C 3 . From the transition potential V D 1 and the wave functions of the initial and final mesons, we have for diagram D 1 :
where ψ + ab is the Hermitean conjugate of ψ ab . In the present work we limit ourselves to the case that at least two of the three final mesons have the same mass. We thus define the variable ρ X from the position vectors of the two mesons with equal masses and the variable λ X from the other meson. For example, supposing that mesons C 1 (q 1q4 ) and C 2 (q 2q1 ) have equal masses, we define
which leads to
From the mass m C 1 of meson C 1 , the mass m C 2 of meson C 2 , and the mass m C 3 of meson
Let p ρ X ( p λ X ) be m ρ (m λ ) times the derivative of ρ X ( λ X ) with respect to time. We then get
In terms of ρ X , λ X , p ρ X , and p λ X , we have
where r q 1q1 ,q 2q2 and p q 1q1 ,q 2q2 are the relative coordinate and the relative momentum of q 1q1
and q 2q2 , respectively. M D 1 is the transition amplitude given by
For diagram D 2 we have
where the transition amplitude M D 2 is obtained from Eq. (19) by replacing V D 1 with
where the transition amplitude M D 3 is obtained from Eq. (19) by replacing V D 1 with
where the transition amplitude M D 4 is obtained from Eq. (19) by replacing
Next, we consider the four diagrams in Fig. 2 . The five independent constituent position-vectors, r q 1 , rq 1 , r q 2 , rq 2 , and r q 3 , are related to r q 1q1 , r q 2q2 , R q 1q2 , R q 2q4 , and R q 3q1
From the transition potential V D 5 and the wave functions of the initial and final mesons,
we have for diagram D 5 in Fig. 2 :
where M D 5 is the transition amplitude given by
In the above two equations the variable ρ Y is defined from the position vectors of the two mesons with equal masses, and the variable λ Y from the other meson. In case that mesons C 1 (q 1q2 ) and C 2 (q 2q4 ) have the same mass, we define
Let p ρ Y ( p λ Y ) be m ρ (m λ ) times the derivative of ρ Y ( λ Y ) with respect to time. In Eq.
(29) we have used the two equalities,
For diagram D 6 we have
where the transition amplitude M D 6 is obtained from Eq. (30) by replacing V D 5 with
where the transition amplitude M D 7 is obtained from Eq. (30) by replacing V D 5 with 
is the angular momentum of meson i with the magnetic projection quantum number J iz . With the equality (
Integration over | P C 1 | yields
where Θ is the angle between P C 1 and P A + P B − P C 3 , dΩ C 1 is the solid angle centered about the direction of P C 1 , and | P C 1 | 0 is the absolute value of P C 1 that satisfies E f − E i = 0.
The unpolarized cross section is a function of √ s, which is the total energy of the two initial mesons in the center-of-mass frame.
III. TRANSITION POTENTIAL
In Fig. 3 the left diagram denotes the process q
In each diagram the wavy line represents the gluon which has four-momentum k, the color index e, and the space-time index τ . Each vertex involves the gauge coupling constant g s , the SU(3) color generators T e (e = 1, ···, 8), and the Dirac matrices γ τ . According to the Feynman rules in QCD [59] , the amplitude for the left diagram in Fig. 3 is written as
and the amplitude for the right diagram is
where repeated color and space-time indices (e and τ ) are summed. The quark spinors [53, 58] 
where σ are the Pauli matrices; χ sqz , χ sqz , χ s q ′ z , χ s ′ q ′ z , χ sq′ z , and χ s ′q ′ z are the spin wave functions with the magnetic projection quantum numbers, s qz , sq z , s q ′ z , s ′ q ′ z , sq′ z , and s ′q ′ z , of the quark or antiquark spin, respectively. The quark and the antiquark created from the gluon have the same mass, i.e., m q = mq.
Keeping terms to order of the inverse of the quark mass, we get
Using
with λ being the Gell-Mann matrices, we obtain the transition
and the transition potential forq
In Eqs. (51) and (52) 
IV. MATRIX ELEMENTS
The transition amplitudes include color, spin, and flavor matrix elements. Denote the
, and 
and the wave function of mesons C 1 , C 2 , and C 3 is
where ψ AB = ψ q 1q1 ψ q 2q2 and ψ C 1 C 2 C 3 = ψ q 1q4 ψ q 2q1 ψ q 3q2 = ψ q 1q2 ψ q 2q4 ψ q 3q1 . The flavor wave function ϕ ABflavor of mesons A and B possesses the same isospin I as the flavor wave function ϕ C 1 C 2 C 3 flavor of mesons C 1 , C 2 , and C 3 .
The color wave function of each meson is the color singlet. The color wave function of mesons A and B is φ Acolor φ Bcolor , and the color wave function of mesons C 1 , C 2 , and C 3 is φ C 1 color φ C 2 color φ C 3 color . The color matrix element is
where λ are the Gell-Mann matrices for the color generators of quark
The color matrix element is
, and coupled to the wave function ϕ C 1 C 2 flavor of mesons C 1 and C 2 with the total isospin
. Furthermore, ϕ C 1 C 2 flavor and φ C 3 flavor are coupled to ϕ C 1 C 2 C 3 flavor with isospin I. are defined as
for A(q 1q1 ) + B(q 2q2 ) → C 1 (q 1q4 ) + C 2 (q 2q1 ) + C 3 (q 3q2 ) and
for A(q 1q1 )+B(q 2q2 ) → C 1 (q 1q2 )+C 2 (q 2q4 )+C 3 (q 3q1 ). From the eight Feynman diagrams we have the relation,
We list in Table 1 Spin matrix elements are listed in The mesonic quark-antiquark relative-motion wave functions, φ Arel , φ Brel , φ C 1 rel , φ C 2 rel , and φ C 3 rel , are the solutions of the Schrödinger equation with the potential [60] between constituents a and b:
in which D = 0.7 GeV, E = 0.6 GeV, λ = 25/16π 2 α ′ with α ′ = 1.04 GeV −2 , and
GeV, where T is the temperature and T c is the critical temperature which equals 0.175 GeV [61] . The function v is given by Buchmüller and Tye in Ref. [62] , and the quantity d is given by
where d [63] . Moreover, the experimental data of S-wave phase shifts for elastic ππ scattering for I = 2 in vacuum [2, 3, 6, 10] are reproduced in the Born approximation.
V. NUMERICAL CROSS SECTIONS AND DISCUSSIONS
We consider the following 2-to-3 meson-meson reactions:
The reaction πK → ππK (πK → KKK,KK → πKK) has the same cross section as πK → ππK (πK → KKK, KK → πKK). Cross sections for meson-meson reactions depend on the flavor matrix elements. Based on the flavor matrix elements, cross sections for some isospin channels of reactions can be obtained from the other isospin channels.
Therefore, we calculate cross sections for the following eight channels:
According to Eq. (40) 
The values of the parameters a 1 , b 1 , e 1 , a 2 , b 2 , and e 2 are listed in Tables 3 and 4 , where √ s z is the square root of the Mandelstam variable at which the cross section is 1/100 of the peak cross section.
Since the sum of the masses of the final mesons is larger than the sum of the masses of the initial mesons, the reactions are endothermic. When √ s increases from the threshold energy, which is the sum of the masses of the final mesons, the cross section of every reaction shown in Figs. 4-11 increases from zero to a maximum and then decreases. The change of the peak cross section with temperature is obvious, and the peak cross section at T /T c = 0.95 is smallest among the peak cross sections at the six temperatures.
Cross sections for πK → ππK for I = 3/2 were measured in Ref. [27] , but systematic and statistical uncertainties were not given. The experimental cross section is 0.04 mb at √ s = 0.95 GeV and 0.16 mb at √ s = 1.15 GeV. The two data are individually near the values 0.014 mb and 0.2 mb of the present work at zero temperature.
The 2-to-3 meson-meson scattering is caused by a gluon created from a quark or an antiquark and the gluon creates a quark-antiquark pair. If the quark-antiquark pair is uū or dd, we have the reaction πK → ππK. If the quark-antiquark pair is ss, we have the reaction πK → KKK. Since the up-quark and down-quark masses are smaller than the strange-quark mass, it is more likely to create a uū or dd pair than a ss pair. Therefore, the peak cross sections of πK → ππK for I = 3/2 at a given temperature in Figs. 6 and 7 are larger than the one of πK → KKK for I = 3/2 and I f KK = 1 in Fig. 8 . Some 2-to-3 meson-meson reactions in the present work and some 2-to-2 meson-meson reactions in Ref. [53] have the same initial mesons. We can thus compare the cross sections obtained in the present work and those provided in Ref. [53] . At a given temperature the peak cross section of ππ → πKK for I = 1 and I f πK = 3/2 in Fig. 5 is smaller than the one of ππ → KK * for I = 1 in Ref. [53] . Cross sections for πK → ππK for I = 3/2 are shown in Figs. 6 and 7. According to the flavor matrix elements in Table 1 
VI. SUMMARY
We have proposed a model to study 2-to-3 meson-meson scattering. A gluon is created from a quark or an antiquark constituent, and subsequently the gluon splits into a quark and an antiquark. This process causes a meson-meson collision to produce three mesons. 
